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MiCTHACT 

The statuG of the current, work eti ruby laser induced fan ionization 
is  reportou.  Experimental measureT.entc of the focused spot diaineter, 
breakdown emission, ionization tiT.es and nonattenuation ionization ar»j 

presented.  The theoretical study results obtained to date in the areas 
of nonlinear ionization initiation and the extension of the nicrowave 
breakdown theory are discussed. 
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I.     INTRODUCTinil 

A. PURPOSE 

This is the second technical documentary report  for contract nunbor 

AF30(''<T?)333- under the sponsorship of the Rone Air Development "enter.      he 

period of work covered is from 11 August 19^ to 11 December 19'U.    The status 

of the current work,  results oVtained to date,  and  future work to be perforniod 

are discussed. 

his  contract is for the investigation and study of the l.reakdown (ioniza- 

tion) rechanisns of gases at optical/infrared frequencies.    The investigation 

includes both theoretical and experimental research,  using lasers,  into the 

power densities required to ionize air betvreen about 1000 pounds per square  inch 

and 1C      nillir.oters of mercury,  .and the mechanisns responsillc for euch  ioniza- 

tion.     Approaches employed account  for mechanisms of breakdown of several pure 

""ases and gas mixt'ires  chosen by the researchers,   as vrell as air.     Ionisation 

is  determined as a function of time,  gas ionization potentials, pressure,   fre- 

quency of incident loam,  presence of outside agents   (container '.rails,   surfaces, 

ionizing radiation),  ind other pertinent parameters. 

B. PROGRAM 

"s shown in the gas ionization program flow diagram,,   figure 1-1,  two 

parallel prorrar.s w^re conducted,  one for experiments and the other for theoreti- 

cal  studies.    A continuous interchange exists between the experimental and 

study areas,  permitting theory to help guide the experimental approach and the 

experimental results to help develop and confirm the theoretical descriptions. 
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'^asiwlly, two typos of ejperiinents are to be performed:  (1) the measure- 

ment of the net ionization rates and (2) the statistical time ligs. The 

critical nature of the experiments required first an experimental setup 

calibration. For program "xpediency, the net ionization rates experiments 

are divided into two phases. The first phase determines these rates for a 

few representative gases at selected gas pressures and allows the basic 

mechanism to be isolated early in the program, thus aiding the theoretical 

analysis. The second phase extends these rate measurements for the full range 

of press'ires and gases. 

"he  first set of net ionization rate experiments i.a to  determine the rate 

of ionization buildup once the process is initiated.   If it is exponen- 

tial, the mechanism can be characterized as an aTilanche-type process 

similar to the well-known microwave breakdown. However, if the buildup is 

linear, the ionization rate must depend on a different type of mechanism. At 

tho high power densities required for optical breakdown very high field 

streng*..3 exist. These fields nay bo sufficient to induce direct ionization 

of the gas molecules by photons, rather than depending upon the collision mechanism 

that accounts for microwave treakdown. 

The statistical tine lag experiments are to determine how the Ionization 

process is initiated. The avalanche ionization buildup, which depends upon 

initial ions being present within the volume subject to the electric field, 

furnishes the electrons that start the ionization process. The random nature 

of the ion distribution in the gases should cause a statistical time lag in the 

icnization initiation for those mechanisms that depend upon their presence. If 

the intense optical field can directly ionize the gas molecules, a much less 

statistical effect in the Ionisation initiation will be observed. 



The theoretical studies are divided Into three areas.    Two of the study 

areas beß;an In the early part of the program (I.e., the Investigation of the 

non-linear ionization initiation mechanisM and the development and extension 

of the ' reakdown theory),    "he third study area correlates the experimental 

res'ilts with breakdown theory.    If disagreement is evident,  the theory will be 

nodi find to agree with the experiments to obtain a quantitative description of 

the breakdown mechanisms. 

C.     STATUS 

\t the end of this reporting period, measurements of the focused spot 

diameter for several lenses were completed.    Data on breakdown emission from 

Argon during and after laser irradiation were obtained.    lonization times 

versus electric field for different focal spot diameters were also recorded for 

Arp;on.    Preakdown measurements were obtained for hellta«    Charge collection 

measurements were made at very low air pressures to try to determine the 

ionization build-up process.     Experiments have begun using a variable pressure 

test cill. 

The theoretical studies considered both the non-linear Ionisation initiation 

mechanisms and the extension of the microwave breakdown theory.    Attempts to 

find useful expressions for the rates of non-linear ionization have continued 

but without success.    Investigation of the rate of photon absorption in free-free 

transitions has continued. 



II.    SUMK/Ury AND CONCLUSIONS 

A.   r.ocEns DESCRIPTION 

Tlie theoretical and experimental data available at present are consistent 

with the following sequence of events.    It appears that the growth of lonization 

begins with the production of a small number of electron-ion pairs from inpuri- 

ties or from the main gas by a non-linear or multi-photon process.    The electron 

and ion density then begins to grow by an electron multiplication,  or avalanche 

process, which probably involves raultiphoton photoionization of excited atoms. 

'.Tien a very small fraction of the gas is ionized (e.g.,  less than one part in 

10   at atmospheric pressure), space charge effects become large enough to reduce 

t/.e electron loss and increase the rate of electron multiplication.    Finally, 

when the gas is nearly completely ionized,  the absorption of laser energy in 

electron-neutral collisions is augmented by absorption in electron-ion 

collisions and in some cases by absorption by excited atoms.    This final stage 

produces the observed absorption of the laser beam and most of the light output. 

.:.    KXPERDIEIITAL 'JORK 

"The process of gas ionization shows a threshold dependence upon the in- 

tensity distribution in the laser beam.    Since significant changes in the in- 

tensity distribution can cause significant changes in spot size,  care must be 

taken to monitor these variations.    Secondly,  spot size for short focal length 

lenses cannot be detemined from a knowledge of beam divergence,  thus making 

accurate measurements of spot size an important parameter to define experimentally. 

Reducing the spot size by use of a 5.08 cm focal length lens lowered the time 

of breakdown for a given field strength as conqjared to that for a 3.3 en lens. 



results of the work done In helium Indicate that the spectral emission 

of the plasma differs  for the various gases.    The easily ionizable mercury 

vapor had no detectable effect on the breakdown time in helium. 

:.   ^.rmz^inM '.'CP.K 

Evidence is presented that the absorption of relatively high energy 

photons in free-free  transitions may in some  cases lead to small (•/V30",I) but 

possibly significant deviations in the rate of growth of an electron avalanche 

from that predicted by an appropriate extension of the microwave theory,  i.e., 

the  continuous form of the  ndtzmann equation.    This evidence is obtained by 

solving the difference form of the Boltzniann equation in both the steady state 

and time dependent cases for various simple models of the electron-atom or 

electron-ion collision processes.    However, since direction and magnitude of 

the deviation depend upon the model used and since several important effects 

are not included, further comparisons of the    two theories are desirable. 

Additional calculations of the excitatior, ionization, and diffusion 

coefficients are presented and used to compute avalanche growth times and 

approximate curves of the laser intensity required for breakdown as a function 

of gas density.    In general the agreement between theory and experiment is within 

a factor of two in laser intensity or 405C in laser electric field intensity. 

There are, however,  systematic deviations between theory and experiment which 

should be explored further. 



III.    GAS  rONIZATION EXPraiHFUTS« 

A.     VARUNIONS  LI THH^HOLD MKASUnEMI^TTj 

The measurements of the time of breakdown In argon as determined fron 

the time of attenuation of the transmitted laser light verius  total enerpy 

were shown in Figures III-9,  111-10,  and III-U of the  first interim report. 

In tho'-e measurements a large difference in the threshold of breakdown (lowest 

energy producing attenuation) existed between Figures II1-9 and 111-10 h 11. 

Differences in the data due to two separate gas cells were ruled out by 

interchanging the nell used to produce the data shown in Figure III-9 and 

observing data airailar to that shown in 111-10 and III-ll.    Replacement of 

the focusing lens was then thought to have cauaed the diecrapancy.    Further 

analysis of the intensity distribution showed the real cause of the threshold 

change.    An analysis of the intensity distribution had shown that the effective 

beam divergence varied between 2.1 and 2.6 milliradians.    At that time it was 

thought that this beam divergence was characteristic of the system at all 

times.    The analysis of the beam divergence during later experimentation revealed 

that the angle of divergence was then about 0.8 milliradians.    These changes 

in beam divergence were observed during subsequent experiments and measured to 

vary by as much as several milliradians.    The changes seemed to accompany the 

replacement of the xenon flashlamp used to excite the ruby.    The variation in 

the angle of divergence during the life of any one lamp seemed to be about 251. 

As yet there does not seam to be a noticeable correlation between these smaller 

variations in divergence angle and the snail variation in time of breakdown 

versus total energy. 

*Thi9 work was performed by R. W. Waynant 
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^    MEASUREMOIT OF FOCUSED SPOT SIZK 

The raeaaurement of the focused spot size was underway at the time of tho 

first interim report.    The raeasuring technique was outlined in that document. 

The data for several lenses has since been analyzed and will be reported here. 

Graphs showing the diameter of the spot as a function of distance  from the 

center of the lens are shown in Figures III-l,   111-2, and III-3.     In the case 

of the lenses with 12.7 cm and 5.08 cm focal lengths a g^ass plate was inserted 

between the lens and the photographic film in order to simulate the conditions 

encountered with the gas cell.    This probably accounts for the fact that the 

smallest measured diameter was found at distances greater than the  focal length 

stated by the manufacturer.    Since the 3.3 cm focal length lens will go into 

the stainless steel test cell, the spot sise for two of these lenses were measured. 

In all eases, the measored dikastsr of th« spot Alia «as larger than the diameter cal- 

culated from angular dlrergeBee data. This Indicates that spherical abberation 

in the lens plays an important part in spot size determinations. 

The measurements of spot size for the 12.7 cm lens show considerable 

variation of the spot diameter versus distance from the lens.    These variations 

as shown in the plot have not been corrected for changes in the intensity dis- 

tributions, but such correction seems only to exagerate the variations.    This 

would perhaps suggest that an axial variation in the focused region is being 

observed.    These variations «ere not so evident in the plots for the 5.06 cm and 3.3 

cm focal length lenses. 

C.    MEASUREMOT OF BREAKDCWS EMISSICIl FROM ARGON 

Guided by theoretical calculations which predicted short exalted state 

lifetimes during laser Irradiation, work was done to examine the   emission from 

the ionized region of the gas.    In this work a nonochromator was utilized to 

8 
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separate the spectral wavelengths of the emission with the set-up shown 

in Figure III-/».    Careful examination of the rate of emission during the 

lasnr irradiation would give an indication of the mechanism by which the 

ionization grows provided that a sufficiently sensitive photoraultiplier was 

available.    An analysis of the emission from argon ionization region revealed 

that the light emitted during the laser irradiation was Identical to that 

shown in Figure ni-5, and was independent of the wavelength within the 

visible spectrum.    Both the risetime and the amplitude of the emission were 

dependent on the amount of energy into the gas.    Tne risetime of the observing 

".ystem was limited to about 6 nanoseconds by the Tektronix 585 oscilloscope 

used to record the photomultlplier signal.    Maasured risetimes for the initial 

light emission were as fast as 20 nanoseconds for high energy shots wh^n the 

12.7 cm lens was used to produce breakdown.    This risetime increased to 80 

nanoseconds or more as the input energy dropped to near threshold.    '.Jhen 

shorter focal length lenses (the 5.08 cm aiA 3.3 cm) were used to produce 

ionization,  somewhat longer risetimes were noted.    In all of this work the 

pressure of the argon gas was 700 ton*.    At this pressure no signs of a line 

spectrum were noticed.    This is consistent with the results expected on the 

basis of line broadening.    Essentially the Ar spectrum is so dense that line 

broadening of the type expected from the absorption observed would produce a 

continuum.    The same measurements made in He (to be discussed below) showed 

line broadening of about 100 A during the time of laser irradiation of the 

gas.    This same line broadening was not present after the laser irradiation 

turned off. 

12 
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Additional investigations were made of the time history of emission 

from the ionized volume after the laser radiation subsided.    This emi'-.sion 

had a time history very dependent upon the wavelength being monitored.    The 
o 

emission time varied from about 15 microseconds for wavelengths around 3S00A 
o r> 

to over 200 microseconds for wavelengths around 4600A to 5^O0A and then dropping 

off to about 20 microseconds around 6300A.    A typical time  resolved photograph 

of the emitted light is shown in Figure II1-6. 

D.     TOfllZATIOi:  TIME AS A FUNCTION OF FXAL SPOT DIAMETER 

To obtain an indication of the effects of the focal spot diameter a 

series of measurements were made using the cell filled with 700 torr of argon. 

Each of the lenses whose focused spot diameter had been measured previously 

were used to produce lonization.    The curve shown in Figure III-7 illustrates 

the effect of spot diameter on the breakdown (attenuation) time    versus peak 

electric field strength.    Repeated experiments have shown conclusively that 

the threshold E    for the 3.3 cm lens is,  indeed, higher than the thresholds 

seen for the 12.7 cm and 5.08 cm lenses.    It may be that the higher threshold 

is caused by an increase in the diffusion losses which accorapnay the smaller 

focal diameter.    This is supported by the fact that the average data for the 

5.08 cm lens lies above the data for the 12.7 cm 3ens. 

It should be explained that in the course of experimentation,  it became 

necesaary to increase the triggering sensitivity.    This caused the addition of 

a small,  constant Increment in breakdown time measurements.     In order t^ avoid 

confision all of the data presented has been adjusted to produce the pulse peak 

at 125 nanoseconds from the start of the pulse.    By doing this all data pre- 

sented in earlier reports can be accurately compared. 
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Peak electric field strength used for Figure III-7 has  been calculated 

usin^  !•  -   |2 IZtT (~q.  HI-l) 

where 

P 
peak electric field 

P     input power determined by dividing the half-power 
pulse width irto the total energy 

Zo  ~ the irapedance of free space 

and A     the area of the half Intensity contour computed using 
A - yd2 where d is the half-intensity (3db) diameter 

U     measured for each lens. 

",  IEASUREKENT3 OF HRSAKDOV/N DI HELIUM 

A glass cell similar to those used for argon was constructed and filled 

with 700 torr of helium. Attached to one side of this vessel was a snail 

enclosed capsule of mercury sealed so that it could be opened at the desird 

tune by a small ferrous breaker. Initially the mercury capsule remained sealed 

and measurements of breakdown in helium were made.  The most obvious difference 

between argon and helium was that helium showed little or no sign of attenuation 

of the laser light although a spark was visible and emission was measured by 

the monochroraator system.  Fecause of this lack of attenuation no accurate mea- 

surement of variation in the time of breakdown occurence could be made. 

The time of the start of the initial light emission (from start of laser pulse) 

was measured for a large number of cases, and breakdown as measured by time of 

light emission, seemed to occur within a few nanoseconds of the peak  of the laser 

pulse no matter how great the change of energy Into the gas. 

71th available energy, breakdown could not be produced with the 12.7 cm 

lens, .fie breakdown threshold was determined by using the 5.CW cm lens and th« 

3.3cm lens. Knowledge of the spot size of each of these lenses enabled the 

field strength to be computed. 

18 



"he threshold determined for helium usin^ equation III-l was 7 x 10 vol*-s/c 

as compared to 3.9 x 10 volts An for argon. The pressure in both cases vns 

700 torr; however, the 12.7 en lens was used to determine the Ar threshold while 

the 5.08 cm lens was used to determine the He threshold. 

An attempt was made to determine the effects upon breakdoim caused by ■>. 

large amount of mercury vapor. To do this the mercury ampule attached to 

the cell was broken and the mercury vapor was allowed to mix with the heli':r 

gas. At room temperature and below no effects in the helium breakdown were ol - 

served,  \fter heating the ampule to drive mercury vapor into the cell it .vaa 

possible to detect a no+iceable effect on the breakdown emission. ATiereas a 

line spectrum was observed In pure helium, a continuum became evident when mercur 

was added. It was observed that when the field strength was below the threshold 

of helium a continuum with superimposed Hg lines was predominant whereas, wher. 

the field strength was above the threshold for helium, the helium lines (notaM:' 

o 
U'P^k)  were superimposed on the mercury continuum. Any tendency of the nercury 

imp -ity to lower the threshold could not be detected above the emission from 

the Hg. It is difficult to determine whether the initiation of breakdown takos 

place in the main gas (He) or in the impurities present in the main gas. The 

addition of Hg to easily observable gases such as argon may give more indication 

of the effects of impurities. 

Photographs were taken to record the time history of the breakdown emission 

of pure helium during the time of irradiation from the laser. Theso curves 

(an example shown in Figure III-8) compare rather well with those from the break- 

down in argon at the same pressure. A record of the entire endsslcn from the 

breakdown region of the helium is shown in Figure III-9. No explanation can be 

offered for the shape of the emission curve at late times. 
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Portion of curve shown in III-8 cannot be seen in this cur/e 
because of its sharp rise,  short duration,  and hi^h amplitude. 
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F.     SOME O'^^VA^IONS AT LOl/ PRKGSirRE 

\-> pressure is lovrered the dlffision loss from the breakdown region 

ones greater,  and at some pressure becomes great enough to prevent the 

avalanche biiildup.     If one carefully nsasures the number of   charges produced 

as the prcss'ire is varied below the avalanche region an indication of the 

ionization build-up process may be obtained.     In order to make measurements 
_7 

at low pressures a glass cell was constructed and evacuated to 10      torr. 

This cell (residuil gas air) had a mercury ampule and the planned work 

was to increase Lhe vapor pressure in the cell by increasing the temperature 

of the nercary ampule.    Electrodes were provided to collect the charge 

produced. 

efore the mercury was allowed into the cell several laser shots produced 

10      charge pairs.    After several shots this level dropped two orders of 

magnitude and remained at 10    charges throughout a series of fthots.    Thereafter 

no change was noted when the mercury was allowed to enter the cell and raised 

in vapor pressure to 10 "■ torr.    The charge collection current was different 

at all of these pressures than it was at 700 torr.    The current had three peaks 

spaced about lOus apart and Increasing in amplitude with time.    It is not yet 

clear what causes this shape or why increasing the pressure of Hg had no effect. 

Perhaps reflected light from the rear of the cell produjed photo electrons from 

the electrodes which were collected.    This work Indicates that low pressure 

investigations may produce Interesting results, and may perhaps provide some 

answers to the initiating and growth mechanisms provided more care in experimen- 

tation is taken.    Low pressure work will be continued for various other gases. 

Additional precautions to elioinat) unwanted variables will be taken. 

?.: 



G.  EFFECTS OF HIGH AND LO'J FRESSUtlE 

A test cell (5ee figure III-IO) capable of withstanding pressures of 

1500 psl hns been constructed and is being used to investigate gas ionizatlon 

as a function of pressure.  Constructed of stainless stoel, the cell is capable 

of being evacuated to 10" nm Hg before being filled with the desired gas. 

A Heise guage is being used to monitor the pressure accurately (_K).5 pel) fron 

atmospheric to 1000 psl. An additional glass cell system capable of evacuation 

_9 
to 10  nm Hg has been constructed for the low pressure work. This cell and 

associated equiptoent are shown in Figure III-U. 

H.  CONCLUSIONS 

The process of gas ionizatlon shows a threshold dependence upon the 

intensity distribution in the laser beam. Since significant changes in the 

intensity distribution can cause significant changes in spot size, care must 

be taken to monitor these variations. Secondly, spot size for short focal 

length lenses cannot be determined from a knowledge of beam divergence, thus 

accurate aeasurements of spot size is an important paraneter to be defined 

experimentally. Reducing the spot size by use of a 5.08 cm focal length lens 

lowered the time of breakdown for a given field strength as compared to that 

for a 3.3 cm lens. 

Results of the work done in helium indicate that the spectral emission 

of the plasma differs for the various gases. The easily lonizable mercury 

vapor had no detectable effect on the breakdown time in helium. 

I.  FURTHER '.TORK 

It is planned to Investigate the entire pressure range agreed upon using 

several pure gases (Argon, Nitrogen, Helium and air). Work is also anticipated 

to determine the effects of a neodymlua frequency (1.06u) pulse on several gases, 
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17.   T:f:;o:i£TT:AL iir':-;rnATTOfic * 

A.     r:r'Rri'CTI JN 

1 2 In previv;3   iiscissions    '     of tho ' roakdown  if nases ly lasers we 

have considered variTus nsoecta of the h-Tiobhesis   that at b:/''   fß3 nrcsmres 

(/v   one half atr.osphere and above)  the breakdown is  the  result of  initiation 

by a multi-photon ionizat  on event followed by an avalanche type growth of 

the ionization to  the observed value.     In this section we will consider 

further  the avalanche  type  c1"0"^ ^ the ionization.    We will assume  that 

for the gases ander consideration an ele.-tronically excited atom is rapidly 

ionized by multi-photon absorption so that the effectiva rate of ionization 

is equal to the rates of electronic excitation plus  ionization by electron 

impact.    This assumption needs to be investigated further but appears to 

be reasonable. 

The  topics to be considered in this section are: 

B. Further evidence concerning the applicability of  the extension of 

microwave  theory to tho  laser breakdown protlem as  obtained from steady sbato 

and  time denendont  treatments of  the nhoton absomtion nrocess using 

simplified models for  the electron-gas aton collisions, 

C. The calculation of avalanche growth constants for Ar and !I    using 

the extended microwave tl:e^ry,   and 

D. The calculation of approximate curves of  t) 9 threshold laser 

intensity required for breakdown as a function of gas density,  laser pulse 

longth and focal spot size. 

Thia dlacuaslon is by A. V. Phelps, 
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B,       iLCiivalence of Discrete  ''hoton and üicrowave Theories 

Published discussions      of  laser induced breakdown differ considerably 

as to  the applicability of extensions of microwave theory to ontical 

frequencies for the calculation of the rate of growth of   the  ionization. 

We   :ave  s: own oreviously      t'uat  the differe-.tial fomulation of the 

I'oltznann equation used in the n crowave calculationj  is a pood annroxi-a- 

tion to  the difference firn of  the Poltznann equation anpropriate to the 

ab3oiT)tion of  photons in free-free transitions-nrovided t'.a.t the electron 

energies of importance are large compared to the photon energy and that 

the electron energy distribution function does not change too rapidly in 

an energy interval equal to the photon energy.    In practice,   this neans 

that we expect the microwave theory to "ive c00^ values for the rates of 

excitation but possibly to yield ionization rates which are too low.    As 

further evidence for the correctness of this prediction we shall compare 

iiroctly solutions of the difference and differential forms of   the  Poltzmann 

equation usin^ approximate forms for the crois section for photon aVsorn- 

tion and electron excitat ion,     ''smr one s ich nodel we  shall   inquire as to 

w»iat a  steady state solution tellu us al i  t  the rate of  excitation due to 

the absorption of a finite numl or of pnotons as comnar   ■   to the rate 

calculated usin,: the microwave  theory.    This investipat. on is larpely in 

resnonse  to the suppestion      that beca ise the ionization or excitation 

potential is a relatively snail multiple of the photon enerpy,   the electrons 

may pain sufficient energy to excite  or ionize rithout  suffurinp the 

randomizing effects of l^rge numbers of collisions implied by the differential 

form of the Boltzmann equation.    This analysis has been carried out usinp 

?7 



rar.dom walk theory by Drs,     .   p.  Gaver and J. A. Marshal of  the laboratories 

'iathervitics Depnrtnent.        The second model allows a solution of the time 

deoendent difference equation. 

(A)    Steady State Solution 

The Isoltzmann equati-m on which the statistical analysis Is based Is 

^q.  (6) of Ref. 1.    If we aastune that the electron energy distribution 
6 

1 unction consists of a series  of delta functions      seprratcd by the nhoton 

energy hy^»  then uq.  (6) of Ref.  1 becomes 

W^ "^'p- '^ +x-p- -^'(1) 

where the index i is an integer,  P    is the fraction of the electrons with 

an energy of f   • ihy ,     X   and Jf   are the probabilities for the 

absorption and stimulated emission of a photon by an electron with an 

energy £    ■ ihy.    From Eq.   (5a) of Raf, 1 an approximation to \,  valid 

for      hy) <■<■   &Ä      and low £    is 

2 2      2-1 where £    - e E (mw  )        is the classical oscillatory energy of a free 
o 

electron and Tr    {£, ) is the frequency of momentum transfer  scattering r m   "i 

collisions of electron? by the gas molecules.    At present we do not have 

accurate expressions for ^.   and so will consider a second aporoximation 

to   ^    which is probably better whenh^and^    are comparable.    This 

7 
relation has been suggested by Holstein     and is 
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xx - i h-y   hy    %*^+ x ), (3: 

In order for  the electron distribution to be limited to  the discrete set 

of  P   's the enerrry los'-  in excitation f    is assumed to he equal  to an 1 •'X 

integral multiple of KF,  i.e.,  GJw ■ H,    From the detailed balaicinr 

argument given in Eq,  (7) of Ref.,  1,  we have 

In order  to simplify the problem we will assume that excitation ociiirs 

as soon as the electron reaches  the level H,    This is equivalert to the 

assumption of an infinite excitation cross section discussed by Allis. 

In the microwave case this approximation has been found to ci"^ reasonably 

accurate excitation rates at electric field intensities which are not too 

high3. 

The frequency of exciting collisions using the model described above 

is equal to the  reciprocal of the expectation value of the first passage 

time  .        This quantity, E(T1H),  is given by 0 

H'l _   ,  

Eq-uation {$) has been evaluated as a function of H for various assumed 

dependence of A   .    In this discussion we will consider three caies; 
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Case a) c^rI•esn '.ds to the suVstitntion in Eq,   (3) of an energy Independent 

freqienny  >f monentun transfer collisions such  as fiund for electron- 

neitral collisions  in H« and M    at enonries above a few electron volts. 2 e 

This  is expected to he   the rrnst realistic of  the models considered here 

since electrin-neutral collisions dominate  the  nhoton ahsorotion process 

d irin^ the growth of  ionization.    We note  that  the use of the constant 

collision frequency assumption in Hq,   (2) for our simple model leads  to 

^.    «0 and  trapping of electrons at zero energy and so is unrealistic. 

Cases b) and c) correspond to  the assumption of electron scattering; by 

ions in which the collision frequency is approximately inversely pronor- 

timal to the 3/2 power of  the electron enerpy. Case (c)  is of interest 

because it leads to /^     -  OO     and because it  is a case which one would 
o 

expect to find treated by others. *   In addition for case (c) A . " ^*t 
i 

in Eq.   (1) so that the  electron motion in energy is a pure randon wal1'. 

Rather than show the calculated excitation rates directly, we will compare 

them with the results of the differential or microwave theory. 

The sol ition to the differential form of  the Boltzmann equation for 

the simple m del considered hero is obtained by setting the right hand 

side of Eq,  (9) of Ref.  1 to zero, solving for f(^) and then normalizin,-. 
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It can le shown that this procedure le;.d3 to the relation 

for case (a),     XCc")   =■   A«, (a,     +   frf) ) Cla) 

For caae    b),     \{t)   —   A^ ('j^    "^   k~J   ) 1_^ 

'A 

(%) 

(^c) For  ca3e(c)       ^f^)   =   Xc    {^/£.) 

and Ac -    _t_   / ^>C   N ^ (9c) Si. 

yx   ~ is- y hf/ 

The ratio of the excitation frequency calculated using Eq,  (5) to 

that given by Eqs,  (9a, b, c)  is s own in Fi-^ure  IV-l.    The lower cirve 

shows that for the model of electron-neutral scattering in which the 

12 electron collision frequency 13 indeoerMlent of energy, the excitation 

frcq lency using the discrete nodel is lower than that calculated for  the 

continuous model by roughly "$0%,    In the model of electron-ion scattering 

t'ne dashed curves show that the calculated excitation freq'iency for the 

discrete case is nenerally, tut not always, highor than that calculated 
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by thn  c mtin nis  cane,     r'or t-Jftf   _>     'J   the  diffei-cnco  in loan  ti.an    1. 

Jinco  theae calculati jns show that the err T resultinn fnn the  'inc   )f  t'.e 

continuous thooiy iloponda stron^jly on the oner^jy dependence of   the al .;  r   ',   on 

probability,  it is very desirable to carry out calculations of tha ratcü 

of excitation usinp; more  realistic cross  sections usiru' the ilifl'erence 

form of the holtznann equation.    Such a calculation is bein,; atU.T.iv ed I ut 

so far has been unBUCcessful. 

(b)    Tir.u Depenuent solutions 

As an additional check on the applicability of  the extended nicro- 

wave  theory to the prediction of the rate of  fjrowth  of ionizatiui due   to 

the absorption of  photons,   v.'o  have calculated some  tine denen 'er.t electron 

er.ergy distribution functions  and excitation fr^q icncics.    These  "•!  es 

can then be compared with  the results of  the usual rrvicrowave  theory '.;  ich 

assumes that electron energy distribution is independent of tine.     The r.o iol 

used in these calculr tions  :.s more exact  than that discussed above  in th.-.t 

Lho  probability of an excitation col]ision is finite,  alt:.ou,-h   Df  s  nple 

analytical form.  '       As above,  we neglect  the energy loss in elas'-ic 

collisions v;ith the  gas atoms,  although this loss  is expected to be 

important at high pressure   in the rare gases.  ^    The equations which 

have been solved are: 

JO 

di 

-W+f 
(10) 

■■■' 



whore  D1 -  (i - •;)  ]' for  i  Z Hj^  - 0 f^r i ^ !!,* ^    -   ^ ^L  for 

and     {i~l!A     ~X. Mj'    ■,'0*c   that here we !ia7e uaod  the f irn   )f the con.;tant 

c )llijion frequency a    roxination corrusponilin    to ^q,   (2).     Thij sinplor 

approxirvition      is posaiblo  ainco with the present node!  inelastic col- 

lisions ar.d  stinulatod photon e:ii.S3ion do not   populate  the level at 

^.     ■    0,    ..'e note that  the  ays tun of equations is  teminatod   . ^ i = !!, 

whnre t' is  chosen by trial and error to be large enough so that the 

populations at energies  of  interest are independent of fl,    Ue can use 

the calculated P   val ics to determine the excitation freq ency   ising the 

relation 
M 

^ = 2 e^i 
ir 

Finally _    we mte that o u- aas inpti^n aa to the erwr^y denondonce of B. 

is eq .ivalent to assunln^ that the croas aectlon lor excitation, ... ,   is 

7 1/2 where v ■ 5.93 x 10    (£)  "'   cn/sec.     For He and electron energies within 

a few electron vilts of  the  excitation threshold ^rAT" H " H» and 

BA       Ä^     l»ü x 10" ^ sec"   .     The calculations  given below have been 

carried out by D.  ''. Wei of the Laboratories Computer  jro:p. 

The results of the solution of  hiqs.   (10) are sVwn in Figur-    '.1-7 

where  P    is plotted as a function of i - f./hyfor B - 15.    These 
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results are for the caso in v;v.ich A  ■ 1 at t ' 0.    Here tine t is measured 

in units of 1/ p*     such  that T m/(,t,    V.'e sec that  the  Histril .lion functi in 

has  n achod  its steady valie t y T • 6.    Using Kq.   (2) and^, - 7.2 x IQ"    ^ 

cn^/scc as expected for holiiun at a ^as dcs.ty I.',   the  cirves  in Fip/.u'c 

17-2  corrosoond to the case of  a field strci.cth J: - 3.:, x 10    v/cn at the 
o 10 

laser f req iency corrosp ndinc  to 69li3 A    Dr a laser power of  3. • '■■'. I1-1 

o 19 
watt/cn" and  to a i;as den:;. t,y   jf  2.1,5 x 10      atons/cc  or ono atmosphere 

at 300oK.     In this case   A   -  2.3 x 10'   sec      so that  the distribution 

-9 
function has reached its final  form by about 2,5 x 10      sec. 

In the present pro! len we are  primarily concerned with  the  tine 

dependence of the excitation frequoncy as shown in Figure  IV-3.    The lower 

two curves  (P ■ 15) show the'lX values calculated using hq.   (11) for the 

model discus :ed above for heliun and. for two different assumptions as to 

the  initial  state of  the electron,   i-e,,  P    - 1 at  t - 0 and P    - 1 at 
6 ■'• 

t ■ 0,     '>'e see th-t the excitation frocuency has reached its final value 

-8 
of 2.6 x 10      sec ly about 2.5 nsec.    The upner curve  shows  the excita- 

tion frequency calculated for 13 ■ 0,5 cor.csponding to helium at f'nos- 

7     / 12 

pheric  press ire and to a laser  field strength  of 2 x 10    v/cm or 1,06 x 10 

2 
watt/cm .    7   is calculation has  not been cfrriod to completion beca :sc  of 

the largo anount of computer  time required but it appears  that  the e-'cita- 

-10 
tion rate at 10        sec is significantly below  the final value.    The time 

required to attain the steady sta',e excitation rate is  important because 

each new electron in the avalanche will have to undergo  such a transient 

period.    The average excitation rate is therefor" an appropriate integral 

over the  instantaneous excitation rate woirhted according to the pro- 

bability of finding a new electron in a given initial state after the 

om. 
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photo.iniiation if the excited atom. We have not carr*iod   iut this 
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calr  lat.ion.      This avoraf-o excitaMon frequency vri.ll  f/Ttfrally be 

srwller  t'.an the final  '/alie beca IüG  t'-.s c^lculati m is one  way of 

alliwin/: for t'.e energy nqsir'-'H tn rni.;e t.he enorp.y of orich no'.; electron 

to  'ho  mean electron (".•-■ri:y. 

.ie now v/ish to compare  the final excitation rntes with  those calc ilated 

usinn o,■••••;■ approxirnate modelo.      Ising the atoady str.te solution corres- 

ponding to the tine depen'ioi.t cnlc ilations,   i.e.  £q.   (2)  with"!/  indtj-'er.dcat 
' n 

of un riy and the sumationa in ^q,   (',) goin^ from 1  to i!,   we find   fj \ 

-1 -1 
■ 1.1 ■ x i )      compared to a fxrvol value of 1.2 + ü.1.. x 1C      usin^ the 

time dependent solution for 1   = Vj.    The agroement between these results; 

is expected  since  they are based on models which are  negligibly diffcent. 

The consVtr.t, collision freqii-ncy model using Kq.   f 0  in clq.   {^) yields 

fyj\      ■ l.lli x 10"    due  to the slightly smaller values of      <Ai/j| over 

the ranre   r   i  considered  ^0 to H rather  that 1 to H ♦ 1).    The solution 

to  the differential form of  the Poltzmann equation r,ive3~TS/  ^     ■ 1,^7 x 

-1 -2 
10      and \.Sn x 10      vr en tCqs,   (2) and (3),   respectively,  are substituted 

Into Eq.   (2) and     ~^L.      i-3  constant.    The extended microwave theo.-y 

using realistic cross sections as discussed in ilef,  1 gives^T^ - 1,5 x 10 

sec  ~    or "7^/ 9^   " ^«^ x 1^    •    This lower value  is largely the result 
X 

of  the neglect of energy loses due to ^lastic collisions  in the simple 

models we have considered in this section.    Finally,  we note that the 

steady state value  of "7^/   ^     for B ■ 0.5 is greater than ^ x 10 

as compared to the microwave values of'TC " 6.1 x 10    sec"    or'l// JA,     = 

-2 
^,7 x 10 , In this case elastic collisions are much les:-. important than 

in the lower electric field (higher P) case. These calculations again 

s igtest the possibility of significant differences between steady state 

V- 



excitatiin rates   isin- the  twi  :'~>r\3  of the holt "Tan    »-'Cuation.    üT.JOV r, 

t  ey s-.ow that a r-ally valid   conparison csn !o nrde only '..■■.en 1 cth'T 

n xii'l;; ar»1   ised to acount     ir   t.e effects s ch SG elaritic colli:";' iv.r. 

ar.<i  tne energy r»;q;irQd to heat   'in the  now eli ctrona. 

J.      Avalanclie   irowth  in Ar and li 

!;. tins  secti m we present   the   renults of  rralcilr.tionj of c">cff>  • •.• J 

i'overnin,' the  rate   if growth   of   ionization in Ar and ün  and in the  cane   i: 

'.r we apply these results  to th*   rrodiction if the  tine  requir'd for br^ak- 

dn;n  in Ar 'ander simplified expcrinental conditions.    The notation and 

sinplifications here are  icie:;tical with  that of iief,  1  and will not be 

reno'ted here. 

Figure   l'J-h shows values  of  the excitation and  ionization free, encios 

per atom and   the electron diffusion coefficient at  unit  der.oity for Ar at 

frequencies  such tYintCO ?y Is ■     Thooe calcalations W're made using the 

17 cross  sections and computer nngran discussed by i-.ngelhardt and  I'bielns, 

Figiire   17-5  sh iwa the  calculated excitation,  ionization,  and diffusion 

freq enciea for electrons  in Ar at one atnosphero nr ssure at 3^0 K as a 

function of  the field  strenrth of the ac field at the frerioucy  of a rdy 

laser   (6c5li3 A),    Those curves are then used to   calculate  the  cirvcs s   >wn 

in Figure   IV-6 of the  time requir"d fir  the ionizatior   to ^row by an 

avalanchti process from 1 electron in the focal volumo  ( /"^ ICr eloctron/cc) 

to complete  ionization.    As discussed in iief.  1 the soliii cu-ves art- 

calculated under the assumption of electron loss by free  diffusion to the 

cylindrical boundary of the focal volume while  the  dashed curves  c-.r:'u:;  oi.d 

to negligible diff ision loss as when anbipolar diffusion is important. 

'Q 
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It is still rathor rislcy to conp-nre  the r Multn of tv.;:; t^.eiry ulth 

ox-Mrinont tecauso  of the   \incertaintiR3 in the  tine  of  initiation   '1   the 

avalai.cho,  the snatial and  time variations  in tho laser nouer cic.nity 

Wiich are r.ot included  in the  theory,  anci   the uncertainties renaininr   in 

the aonlical ility of  the extended nicrov;ave  t'oory.      'v..■.;v,:•,  ■:>:  n it»; 

t :at  i.he  threshold field stre-.gth s'.own in i^i.^urc   17-6 for free '»lectron 

diff :sioii and excitation followed by nhotoionizatioi.,   i.e.  }.?. x 11 

/?■(>/ 1 •,:$t'/c.v   or }.[. x 10' 7/cn,   is  in rather co,o(' acrce:nent ■.."iUi ..ayrwint's 

10 2 
val ,e  of h x 10      watt/cm    for a SO', lar^u.' focal  radiu;; I ut a  :;li-hMy 

lo'./cr (jas   ionsity, 

l-'i^uru IV-7 siiOWG calculated excitation arid ionization frequencic.j 

per nolecule for electrons  in I.'    under conditions such  thatft/ y^r' 

These calculations were nade usin^ the cross sections and ron utationnl 

19 procedure's discussed by ^n^elhardt and Phelp.i. Jp have not cnlcnlnted 

the excitation frequency,  etc, for  '.„ at atnosoheric nressia-c  since no 

r.easurenents are available of  the  tine  of breakdown as a function of 

laser power,    without such data we cannot be sure  of  the   sirrificance  of 

20 
the observed threshold. A preliminary attempt  to compare theory and 

ex^erimo t  is .^iven in the  next section. 

I).       Approximate Threshold  Predictions 

In ti.is section we  will rrÄke  !13e 0f   the  exoitatio  ,   ionization,  and 

diffusion coefficients for He and Np wl.ich have been niven in Hef.  1 and 

in the precedinc section to predict approximate relatims for the  intensity 

required to produce breakdown of these pases by a pulsed ruby laser.    ..e 

shall calculate the laser intensity necessary to satisfy two breakdown 

U* 
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criteria.    First,  we asnume  that the br ar:down threr.r.oli in HetfiTr.ned by 

the condition that the electron ionization frequency equal  tho free 

difrusion frequency.    This static or diffusion controlled condition is 

the sane as the conventional microwave breakdown criteria and has leen 

applied \y several authors       to the  laser breakdown nrol let-.,    .iocondly, 

we ass ime that the breakdown threshold is deternined by thn roqu roncnt 

t at  the ionization increase from one electron in the  focal  volume to 

co'miete ionization during the  tine the l^ser nulso  is  on.     'n the results 

showji in Figures IV-c and IV-9, we have continued to make the sl-nplifylng 

assumptions discussed in ilef.  1, e.g., a spatially uniform laser intensity, 

completely absorbing boundaries at the focal spot radius, a constant 

amplitude of laser intensity for the duration of the pulse, negligible 

effect due to electron attachment, and the presence of an initiating 

electron at the beginning of the laser pulse.    It will be noted that wo 

have  not shown a limiting curve corresponding to the  threshold laser 

intensity required to produce an initiating electron during the laser 

2 
pulse.    As indicated previously    , one can predict  the  dope'dence of this 

minimum laser intensity only if one knows the nature and density of the 

atoms which supoly the initiating electron.    Attempts  to neas'ire this 
21 

ionization rate experimentally       and to nredict it theore'ically have 

22 been unsuccessful. 

The static or diffusion controlled breakdown criteria is obtained by 

setting     0      • o in Eq,  (13) of Ref. 1 so that 

7/^   "- TD- (i3) 
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.iin^e  {"l) ♦ V ) /!; and '!.' are functions oi.ly of i/'I and"''/!; in the micro- rx      ri ' 

wavo t'mry used here,   it  is convenient  IT rewrite  :,q.   fl3)  in the  firm 

2 n 

''ere  ' "y  ♦ T/f) /';,'    corvesnonds  to  the   'imrl  ac  iinizati^n coefficient, 

'..T-.on i^^^   T"^ »  ^■'■t! val'ie of J^/W r"q\;irc"! for I renkdo^n en le ilot'Trdned 

directly fron a plot of  {fr   *']/.) /'V.    v , ..,(4/.    Trie  steGn<;r cirves fir 

■'iiVU'os   I ,r-    an'!  17-9 s,.ow the  result  ol   such calculations  for He and N^ 

i 
—i. 

when ;i is taken to be 1C      cm.    The diffusion controlled threshold curve 

shown for IL  is low by as much as 7.0'. at the highest densities because tne 

corrections due to a finite^/f,/ had not been c.--lc\ilateri at  the  time the 

graph was prepared. 

The threshold intensity required to satisfy the density buildup 
2 

condition is calculated ''rom liq,   (13) of lief,  1 by ncnlecting the ftfjf^ 

30 term and assiiminf: that the electron density Increases by e      during a 

60 nsec constant amplitude laser pulse.    This irlatively larr;e val'ie v;as 

ised  in order  to annroximate conditions in the exnoriner.ts  of Jaynant 

rat1.er t! an those of tleyerand and Ha ight.        Thus,   the threshold 

condition for the shallower curves of Figures  IV-^ and   '.'1-^ is 

3 
  (15) 
sec 

Again the curve shown for N' has not y^t been corrected for finite^//'V^. ^ 

and, in this case, is low by as mich as a factor of 2 at the higher 
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duns:f. ies, 

'./e shall concl'i'ie this discussion with comentG rcn'rdinf; f.Ke  con-»'r- 

ison of  the experinental da'.a and  theoretical curves of Figures  IV- • and 

17-9.    First V;G noto  that the   two threshold cirves cross at   'an densities 

sonewhat below atmospheric so that diffusion losses determine  the  V res   ü': 

at the lower gas densities and the buildup of electron dennity det'Tmines 

the threshold at the hi^hei   dor.sities.    Thojo threshold deturruninn c xv<rj 

are s ,own by solid lines,     [n the case  of 'le,   .-i,; TL   17-;  sh''ws ti./^   t   .:; 

1° 
rough theory is in reasonable agreemont with the data of ..aynant. „"hen 

consideration is given to the shorter laser pulse lunjth used by    oyeran: 

and Haucht the agrGtment   is reasonable at near atnonpheric   ionslty Vuv, the 

t.-.eoretical curve seems to decrease too slov;ly with increasir.;-    as densitioa 

U.    It is to be noted that the relative values of  the br akdov    t-.r' shold 

in !{e given by ."inck      are  similar to those of "eyer nd and ;:au • t  in 

Figure  TV- '. 

Figure   rV-9 s^.ows a comnarison of  the approximate  theoretical 

threshold laser intensities for fip with the experimental data  of "eypranri 

and Haught.       This comparison is reasonable fron the point of   view  of  the 

microwave t eory since the measured Townsend ionizatio-, coefficient  for 

^2 and air are nearly the sane        and  their Effusion coefficients are 

exoected  to be similar.    As in the case of holi'.in the agreonont  is  quite 

good at  the lower gas densities when one c insiders  the shorter pul.-c 

length used by I'eyeranl and Haught,    The relatively ra  id decrease   in 

experimental  threshold laser intensity with increasing -■-as density cinpnroi 

to the theoretical curve is  similar to that snown in Figure  IV-Ü for Ho. 
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This behavior is also seen in the  relative values niven by I'inck,      The 

HinileMn/ correction referred to would increase the discrepancy even 

further at hiph nas densities.    In both He and \\    it would appear that 

the decrease in the efficiency of conversion of photon enerfjy into 

excitation (and ionization) predicted by the microwave theory at low £ A/is 

too large.    In the  He case this energy f^oes into elastic recoil collisions 

while in tne N- case this energy results in the excitation of relatively 

19 high vibrational states. Obviously, further investigations of this 

behavior are necessary. 

E,      Samnary 

This report presents evidence that the  absorption of relatively high 

energy photons in free-free transitions may in some cases lead to snail 

( 'v 30,J) but possibly significant deviations in the rate of growth of 

an electron avalanche from that predicted by an appropriate extension of 

the microwave theory, i.e.,  the continuous form of  the Boltzmann equation. 

This evidence is obtained by solving the difference form of the Poltzman' 

equation in both the steady state and time dependent cases for various 

simple models of the electron-atom or electron-ion collision orocesses. 

However,  since Hirection and magnitude of  the deviation denend upon the 

model used and since several important affects are not included further 

comnarisons of the   two theories are desirable. 

The report also presents additional calculations of the excitation, 

ionization, and diffusion coefficients and makes use of these to comuute 

avalanche growth times and approximate curves of the laser intensity 

required for breakdown as a function of gas density.    In general the 

agreement between theory and experiment is within a factor of 2 In laser 
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intensity or UO^ in laacr electric field intensity.    There are, however, 

systematic deviations between theory and oxperinent which should be 

explored further. 
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APPENDIX A 

SOME CONSEQUENCES OF LASER BREAKDOWN INITIATION 

BY A NON-LINEAR PROCESS 

A. V. Phelps 
WestInghouse Research Laboratories 

Pittsburgh 35, Pennsylvania 

The model of the laser breakdown process which appears to best fit 

the presently available data is that in which the initiating electron is 

produced by non-linear or multiphoton ionization of an impurity or the main 

gas and is followed by an exponential growth of ionization resulting from 

either electron excitation followed by photoionization or direct ionization 

by electron Impact.  The purpose of this memorandum is to examine some of the 

consequences of the assumption that a non-linear or multiphoton process provides 

the initial electron. 

I)  Time dependence of ionization 

The time dependence of the ionization resulting from a process in 

which the photon flux acts directly on the neutral atoms is significantly 

different "irom that In which free electrons absorb the photon energy and 

produce Ionization.  The continuity equation for the electron density, n, In 

the general case Is 

I? ^•OM + v.n-DVn, (1) 

where a Is the rate of Ionization of neutral atoms or molecules of density M, 

v . Is either the frequency of excitation and Ionization by clecfon impact,  and 

0 is the electron diffusion coefficient.  Unless otherwise stated, we will assume 

that the laser power Increases abruptly to some constant value at t « 0, so the 
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Q, v ., and D are constants. As before, we approximate the solution to this 
2 2 

equation by replacing DV  n by Dn/J\.  where A Is the diffusion length 

corresponding to the fundamental mode in a cylinder with a radius equal to that 

of the focal spot.  Equation (1) now reduces to 

g - a M + (vxi - vD) n (2) 

2 
where v ■ D/JL .  The solution to this equation for the case of n ■ 0 at 

t ■ 0 and n « M is 

n - 7~ 7.   \     U - exp (v„, - vn) t] . (3) 7 -r  [1 - exp (v . - V_) t] . 
(V_-V .)        r x xl   D'  ' 
D xl 

For v . < v,., this solution reaches a steady state value of OM (v -v ,)  , 
xl   D D xl 

whereas for v . > V- It increases exponentially with a growth constant of 

v . - v..  For v . - v„ ■ 0, n ■ OMt.  Note that our assumption of n « M may 
xl   D      xl   D   ' 

be violated at rather low n, if M Is an impurity. 

The mathematical approach which is used «bove does not show the 

possible Jlscontlnuous nature of the true breakdown problem, i.e., Eqs. (1) - 

(3) are valid only when there is a reasonably large number (e.g., 10 or more) 

of electrons present. This point Is Important in evaluating experimental data 

since it means that If the rate of electron production by the non-linear process 

is small enough it will drtermlne the minimum laser power at which breakdown 
2 

is normally observed.  Thus, if the effective pulse length is /.t and if 
19  5 

a M A t < I, then even though (v.   - vn) At > in (10 /10 ) so that an avalanche could 

ionize essentially all of the atoms, breakdown msy nut occur.  If this were the 

case breakdown might occasionally be observed at laser powers significantly 

below that for which a  M At-^l, i.e., breakdown might be Initiated by the truly 

random background electron. The occurrence of a single rare breakdown event 
3 

at power levels well below the normal threshold has been observed. 

If the production of an electron by a non-linear process does 

effectively determine the threshold, then observations of the time dependence 

of the growth of lonizatlon and excitation should show that growth constant 
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Y ■ v  j ' vr) does not approach zero as the breakdown threshold is approached 

but that the observed delay is due to a delay in the time of initiation of the 

avalanche.  Since it now appears  likely that measurements of the light intensity 

will follow the ionization build up, it may be possible to extrapolate 

measurements of the ionization growth back to the time of appearance of the 

initiating electron.  Such measurements will require the use of photodetectors 

with sufficient sensitivity and speed to measure the light generated during the 

portion of the growth period when the degree of ionization of the gas is small, 

e.g., when the light output is ~1^ or less of the peak value. 

2) Dependence of ionization on geometry, laser power, etc. 

The requirement that the laser produce the initiating electron means 

that in general two distinct threshold conditions must be met.  These two 

conditions will have rather different dependences on laser power, focal spot 

size, gas density, and laser frequency. The  dependence of the avalanche growth 

condition on the experimental parameters has been discussed in detail for 

helium using the microwave theory as a basis for obtaining quantitative 

predictions.  In general, this analysis shows that the threshold condition for 

gas densities of the order of atmospheric and reasonably small focal spot radii 

is determined by balancing an effective ionization frequency which varies 

approximately as N(E/u)) ,nB2  to ^against a diffusion frequency which varies 
2-1 

approximately as (NR )  .  Thus, the avalanche threshold condition is that 

(NR) (E/UJ)  is a constant depending upon the gas.  In terms of the laser power 

required for threshold, P « R E , so that P « N*  n R   " u . 

The exact dependence of the non-linear or multiphoton Initiation 

threshold on experimental parameters varies with the theoretical description 

of the ionization process which is most appropriate to the gas under consideration 

Thus, the ionization may occur due to tunneling of an electron out of the atom 
4 

through the potential barrier created by the intense applied field.  Neglecting 

the fact that the electric field is alternating, the frequency of field inductd 

ionization events per atom is given approximately by 
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7  3/2 -1 a - v exp (-6.8 x 10 I   E ) 

where v is the effective frequency at which electrons approach the potential 
e 16-1 

barrier and is roughly 10  sec  , I Is the ionlzatlon potential of the atom 

and E is the electric field strength. For typical laser breakdown conditions 
a 7 -fe6   3 

I ■ 15.8 eV and E - 10 V/cm so that a ■ 10    cm /sec. Therefore field 
8 strengths of the order of 5 x 10 V/cm would be required to produce significant 

ionlzatlon. This crude calculation would seem to indicate that a multiphoton 

process is Involved. 

The ionlzatlon coefficient per atom according to the multiphoton theory 

is expected to be proportional to (F) where F is the laser photon flux and 

m > (I/nv). For argon and a ruby laser m ■ 9 , so that the requirement that 
18 „ 

tM^t ^H means that the threshold condition would require that E  n^t be a 

constant or that the threshold power obey the relation Pa (MAt)   R .  If 

the gas ionized by the multiphoton process were mercury (I * 10.4 eV), we 

would expect Pa (MAt) '"~"   R , and that the power required would be very much 

lower. According to these relations the power required to meet this threshold 

i iditlon should be Insensitive to changes In the gas density and should increase 

with 'he square of the focal spot size. This means that the multiphoton process 

threshold condition will become more difficult to meet relative to the avalanche 

threshold condition as the focal radius Is Increased. This should lead to a 

greater spread in the breakdown time. 

The difference in behavior of the two ionlzatlon processes is most 

pronounced when the Integrated laser energy is fixed and the spatial distribution 

of the focus is varied, either intentionally or by accident as when the laser 

mode pattern changes. Thus a 20%  Increase in the peak laser power at any point 

in space will Increase the Ionlzatlon rate due to the multiphoton process by 

factors of from 3 for mercury to 5,1 for argon whereas the ionlzatlon frequency 

due to the avalanche process Increases only by a factor of about 1.6. This high 

sensitivity of the multiphoton, or other non-linear, ionlzatlon to the intensity 

of the laser power may account for some of the observed fluctuation in the 

breakdown time.  If this effect is Important at a fixed laser pulse energy, the 
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shorter breakdown times should correspood to those pulses in which the laser 

power distribution is more sharply peaked in the focal region whereas the 

longest breakdown times would correspond to pulses in which the spatial variation 

in laser power was relatively uniform.  Experimental data may be available for 
3 

checking this hypothesis.  An alternative explanation of the observed spread 

in breakdown times is given in the next section. 

3) Statistics of Breakdown 

In this section we consider more explicitly the effects of a non-linear 

initiation mechanism on the statistics of breakdown. Our main point is that 

the theory is essentially no different from that applicable in the case of 

Townsend breakdown when the initiating electron is produced by a constant 

external source but with the condition that the probability of producing an 

avalanche is a function of the field strength or in the case in which the 

initiating electrons are produced by field emission from a cathode.  These 

problems have been considered previously by Phplpa anu Berg and others.  This 

theory is especially simple when the time required for the avalanche to grow 

to the value required for observation of breakdown is negligible.  In this case 

the probability of breakdown G(t) after a time t is given by 

in G(t) -  - I  \(t) dt (4) 
J o 

where \(t) is the frequency of production of electrons capable of initiating 

the avalanche.  According to the laser breakdown model being discussed we 

expect k{t)   to be proportional to ME  (t), i.e., a very rapidly varying furction 

of time. The probability that breakdown will be observed at a time between 

t and t + dt is found by differentiating Eq. (4) to get 

dG -  - \(t) G(t) dt (S) 
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This is actually the basic equation for G(t). As shown by Phelps and Berg, 

Eq. (3) can be used to evaluate \(t).  Thus, 

^) ■ ■ ok ft <" 

The behavior of the various functions defined above is shown in 

Fig. 1. Here we have shown, in Fig. la, the time dependence of the laser 

power, P(t), from an oscilloscope photograph taken by Waynant.  Also shown in 

Fig. la are the relative values of \(t) as calculated for multiphoton 

ionization of helium (m ■ 11) and of mercury (m ■ 6). Figure lb shows curves 

of G(t) as calculated from the \(t) for m - 11 with the magnitude of K{t) 

adjusted so as to produce an average number of electrons per pulse, N, of 1, 

5, 18, or 2050.  Here N -in G(oo) ■ /  \(t)dt. The corresponding values of 

dG/dt are shown in Fig. 1c.  The most striking feature of these curves is the 

relatively small region of time, e.g., 5-10 nsec halfwidth, over which the 

initiating electrons are produced with an appreciable probability. This is 

consistent with an apparent upper limit to the observed breakdown times. 

A second feature of these curves is the small but definite shift of the curve 

of the probability of initiation. Fig. 1c, to shorter times as the peak laser 

power is increased. With m ■ 11 the increase in N from 1 to 5.18 and 2050 

represents an increase in peak laser power by factors of 1.16 and 2.0, 

respectively.  If the time required for avalanche growth were negligible then 

the factor of two increase in laser power would result in breakdown at times 

of the order of one half the time required to reach peak power. 

If our assumption that the time required for avalanche growth is 

negligible and if fluctuations in the spatial distribution of the laser intensity 

can be neglected, then a plot of the number of breakdown events per unit time 
3 

should resemble Fig. 1c. The data obtained for argon by Waynant  show only at 

the higher laser energies are the distributions similar to Fig. 1c. The data 

obtained at energies nearer threshold yields distributions which are 

considerably more spread out in time and for which the peak occurs much later 
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in time. The shift to later times at lower laser energies Is characteristic 

of longer avalanche growth constants and suggests strongly that the avalanche 

growth time Is not negligible.  If the laser power were constant during the 

growth, then the finite growth time could be taken Into account at a fixed laser 

energy simply by shifting the time scale In Figs, lb and Ic by an appropriate 

amount. With a time varying laser power there will be a tendency for the cases 

In which the Initiating electron occurs later to have a lower average growth 

constant.  However, at present this effect seems too small to produce the observed 

spread. Obviously, further Investigation of this area Is desirable. 

d) Conclusions 

The arguments presented In this report Indicate that the non-linear 

mechanism which probably provides the Initiating electron for laser breakdown 

is multlphoton absorption. This process produces electrons only over a 

relatively narrow time interval and so its effect is consistent with the 

tendency of the breakdown time to show an upper limit when plotted as a function 

of laser power. The time required for avalanche growth appears to become 

appreciable as the laser energy is reduced toward threshold in argon at 

1 atmosphere. 
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APPENDIX B 

A RANDOM WALK PROBLEM IN USER PHYSICS 

D.   P. Gaver, J.  A. Marshall 

Introduction 

This report deaoribes some preliminary work on probability models 

in physics,   carried out at the request of Dr.  A.   Phelps.     The  results and 

methods discussed provide a convenient starting point for checking certain 

calculations and models used by physicists;   in particular,  some easily 

manipulated "continuous" approximations may be appraised for numerical 

accuracy. 

The write-up to follow is in the nature of a progress report. 

More work along lines similar to that described here,  can be conducted. 

A First Model 

A particle (electron) executes a random walk in continuous time 

over a denumerable set of (energy) states 1, 2,  3, ... .  Steps in the 

walk (energy changes) occur at random times because of interaction with 

particles of another class (photons); the steps are either up by one unit, 

i.e. from state i to i+1, or down, by one unit, i.e. from i to i-1, except 

that when the lowest state, 1, is reached no further down-Jumps are possible. 

Furthermore, when some sufficiently high state, H, is reached the particle 

Jumps instantaneously back to state 1, and the walk begins again.  In fact, 

when the Jump from H to 1 occurs, another particle is born and occupies 

state 1 at birth, thereafter walking independently of the first. This 

process then continues indefinl tp'y. 



In this report we study the probability distribution of the 

random variable T    ,   described as  the time of a particle's  first passage 

to state H,  having started at state 1.    In particular we compare the mean, 

or expected,   first passage  times, E(T    ),  as  the  latter are computed using 
1H 

various hypotheses abtut jump probabilities.  We also discuss the problem 

of continuous approximation of the path of the particle through energy 

space. 

In order to obtain explicit expressions for £(1,,.) we make the 

specific assumption that the particle walk is a time-homogeneous birth- 

and-death process, i.e. that the probability that a particle, currently 

occupying (energy) state 1 (l > 1) Jumps to state i+l in the time dt is 

X dt *  o(dt); the corresponding down-Jump probability is u.dt + o(dt), 

except that M] = 0; importantly, too, all Jump probabilities are Influenced 

only by present state, and not by any previous history.  This makes the 

walk a simple Markov process.  Both X. and yx.  are positive and independent 

of the time during which the process has gone on. An introduction to such 

processes will be found in Feller [2], The above assumptions imply that 

the distribution of the sojourn time, S., of a particle in a particular 

state, 1, I.e. the uninterrupted time from an entrance into 1 until the 

next exit therefrom, is distributed exponentially 

Prob[S1 < t] = 1 - e  1 i   . U) 

If,   for some reason,   the exponential distribution is physically Implausible 

the distribution (1)  can actually be made of arbitrary form,   leading us  to 

the class of semi-Markov  rather than Markov processes.     The methods  to be 
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described then need only be altered trivially to obtain explicit aolutions, 

provided there is independence between the successive sojourns.  Independence 

would not occur, for example, if the event that a particle had Just entered 

state i from below, i.e. from 1-1, were to shorten the time of sojourn of 

the particle in S., or perhaps alter the probability with which the particle 

Jumps from 1 to 1+1 or to 1-1. Such effects might derive from considerations 

of velocity as well as position; we rule them out. 

Under our assumptions, a convenient way of computing the Laplace- 

"8T1H 
Stieltjes transform E(e    ), the expected first passage time, E(T1t.), and In 

higher moments as well has been given in Gaver [3]; formulas for E(T,H) have 

been given previously by others.  We will not utilize the L.-S. transform 

here, although by employing this function it should be possible to prove 

certain probability limit theorems of use when the second stage of the 

problem -- involving particle branching when Jumps from high energy states 

to state 1 — is attacked. From [ 3 ]: let A. denote the first passage 

time from state i to 1+1 (i.e., the elapsed time from first entrance 

into state i to first entrance into state 1+1). Then If 

-sA 
a^a) = E(e i)  , (2) 

a^a) =  i-, p, (3) 

^V^if-Vi^j 
since initially 

•i(') = ^-. 
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we can successively substitute to obtain a.(s)  for any i.    Finally,  because 

T1H    =    A1+ A2+  ... 4^ (10 

with   -{Ar   a sequence of independent random variables we find 

-8T1H "fr1 

E(e      1H)    =      H   a^s). (5) 

For the expectation or mean of T. we use the fact that 
In 

H-l 

E(T1H)     =   V   ECAj) 
1=1 

and the recursion formula, derivable from (3) by evaluating its derivative 

with respect to s at s = 0, 

E(Ai)     =    X"  [1 + ^i E(Ai.l)]' (6) 

which in turn gives 

WA ,      i     ^i   i      ^i-i i                MiVr-- M2  i     (7, 
E(A )   =  r- 4 x" I— + TU— I— + • • • + rr T" xT " t7) 

It is expression (7)  that will be particularly discussed in what follows. 

Note that the expression (6)  can be easily evaluated by computer,  for it 

is a simple recursion formula.    This has been carried out in certain cases, 

believed to be of Interest in applications;  some examples will follow. 

First ve present some special cases that may be of use. 

Special Case I:     X,.=X,   n =|i  (i=l,2,...;  but u^O). 

In this walle the probabilities of Jumps and the Ju-np rates  (hen.e 

sojourn times)  do not depend upon the states.     From (6)  or (7) we easily t5Pt 
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1 - (H)1 

E(Ai) = i r- for    M ^x 

(8) 

(9) 

(9') 

1-i 

=   - for ^ = X. 

and therefrom 

E(TIH^ = r^ S t1 - ^ " J      for x + ^ 1H   XM (X-H)    
X 

H(H>1) 
2X for X = u. 

For large H we can put,  for the case X ^ n, 

E(T1H)   "    X^I ■ —^2 for n = X 1H ^       (X-n)^ 

H-l 
-(¥)        —^ for n > X 

x       (x-u)2 

where the approximation Improves as H Increases. 

Special Case II: \.  =  IX, u.  = lu (1=1,2,...) but M^ =0). 

In this model activity increases with energy. Again using (6) 

or (?) w«^ t:-i 

J-l J-l 

If X « M then the above series becomes the harmonic, and 

E^) -^ X ln ^ (11) 

Therefore 
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H-l H-l 

i x dx 
(12) 

^^H^    c   )     E(A1) ^ l   [ lnxdx 

1=1 

=   i[(H-l)  in (H-l) - (H-2)] 

where the approximation improves as H increases.    We will not atop to write 

down the approximations obtainable  for X ^ n;  these could be gotten by 

replacing  the sums by integrals,  perhaps in a refined form by use of the 

Euler-Maclaurin sum formula. 

The above models have taken no account of a necessary physical 

restriction on the \\.\- and -I H.. f sequences imposed by "detailed balance". 

This principle requires that the transition rates for cases I and    II be 

modified: 

Case  I1:    X^ = X,  ^ =  X \ßj± (13) 

Case II';  Xi = U, u^ = (i-l)X \ßj^    . (lU) 

Notice that for lerge i we are very nearly in the cases I and II, with 

X = n.    However inclusion of detailed balance has the effect of slightly 

decreasing n.  compared to its corresponding value in cases  I and II, and 

hence decreasing E(T1H). 

Computations were carried out for cases I'  and II1  in order to 

compare the results of the continuous model with those jf the discrete 

model developed above.    Using (13) and (7) we find 

E(AJ    =    7—  [ V* 4 V^ + /3 +  -.. +    \/n    +    Ji] (15) 
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for case I' while {lk)  and (?) give l/i times this result for case IT. 

Values of the quantity PC^u) were calculated for all values of H from 

2 to 31 for each of the two cases (with X = l). 

The corresponding results from the continuous model are 

Case r: E(T1H) = (H-l)2/3,    and 

Case n».  E(T1H) = 2(H-l)/3 . 

Table 1 gives the results of the computations  for the discrete 

model and compares these with continuous model,  for the two cases.    The 

agreement between the two models  is seen to improve as H increases.    Notice 

that the discrete model always gives the longer first passage times.    As 

a check on this,   consider approximating the discrete model by another one 

with smaller step size. 

If we want to approximate the behavior of the particle ever 

the original state space by a particle "walking" on a new state space which 

has smaller step size, we must find the appropriate values for the new 

parameters.     If we take the original step size as 1 and the original 

parameters as ^ and ^  and the new step size as   A with parameters 

XI,  and Mjfi   then quantum mechanics suggests for 

1 2 

Case  I':    A.|,     =    (±)    X,        and 

V i' U  i' 

while for 

Case  11':    X!t  = i'(7)X,          and 1 A   
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Table 1 
Values of E(T1H) for the Diacrete and Continuous Models 
and the Ratio^f These Quantities for Cases I   and II 

with \ = 1. 
Case  I'                                                      Case I1, 

Discrete     '    Continuous    P/C Discrete Continuous D/C_ 

2 1.000 .33 3.00 1.000 .67 1.50 
3 2.707 1.33 2.03 i.ask 1.33 1.39 
k 5.101 3.00 1.70 2.652 2.00 1.33 
5 Q.nk 5.33 1.53 3.420 2.67 1.28 
6 11.923 8.33 1.43 4.170 3.33 1.25 
7 16.3^5 12.00 1.36 4.907 1+.00 1.23 
8 21.439 16.33 1.31 5.63^ k.6l 1.21 
9 27.204 21.33 1.28 6.355 5.33 1.19 

10 33.639 27.00 1.25 7.070 6.00 1.18 
ii ko.7kk 33.33 1.22 7.780 6.67 1.17 
12 k&. 519 40.33 1.20 8.487 7.33 1.16 
13 56.962 48.00 1.19 9.191 8.00 1.15 
Ik 66.074 56.33 1.17 9.892 8.67 1.14 
15 75.855 65.33 1.16 10.590 9.33 1.13 
16 86.304 75.00 1.15 11.287 10.00 1.13 
17 97.U22 85.33 1.14 11.982 10.67 1.12 
18 109.207 96.33 1.13 12.675 11.33 1.12 
19 121.660 108.00 1.13 13.367 12.00 1.11 
20 134.781 120.33 1.12 14.058 12.67 1.11 
21 148.570 133.33 1.11 14.7^7 13.33 1.11 
22 163.027 147.00 l.ll 15.435 14.00 1.10 
23 178.151 161.33 1.10 16.123 14.67 1.10 
2k 193.943 176.33 1.10 16.809 15.33 1.10 
25 210.402 192.00 1.10 17.495 16.00 1.09 
26 227.529 208.33 1.09 18.180 16.67 1.09 
27 2U5.323 225.33 1.09 18.865 17.33 1.09 
28 263.785 2kl.00 1.09 19.548 18.00 1.09 
29 282.914 261.33 1.08 20.232 18.67 1.08 
30 302.710 280.33 1.08 20.914 19.33 1.08 
31 323.173 300.00 1.08 21.596 20.00 1.08 
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Now consider the situation represented in Figure 1 below. 

4      . 
-'        L 

I 'O Vö     ~~      30 40    ' 

Fig.   1 

The top line represents the state space with step size 1 and H = 4.     If we 

take X. = 1 we find from Table 1 that £(!.,)  = 5.101 for Case I'.    The bottom 

line represents a state space with     A = l/lO.     It is believed that sliding 

the first state to the left as shown is consistent with the approach taken 

in the usual continuous model.     For the new state space we have (since X=l) 

XI ,   = 100.    The first passage time which we want to compare is that from 

1 to 30 on the new space.     From Table 1 we find E(T      >  =  302.710/100 = 

3.027.     This is less than the value for step size 1 which is consistent with 

the fact that the continuous model gives shorter firsv passage times, 

and it is quite close to the value of 3.000 given by the  continuous model. 

The -bove calculations for Case II1  give ECT.. ) = 2.652 for step size 1 

and E(T130) = 20.914/10 = 2.091 for step size 1/10.    Again the change is 

in the expected direction and the continuous model gives 2.000. 

It may be of interest to derive an approximate closed form 

expression for E(T    )  in Cases  I1  and 11' with X = 1 and A = 1.    In other 

words we would lilce a closed expression for 
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H-l 

1=1 

where E(A ) la given by (15) with X = 1.     By the Buler-Maclaurln sum 

formula (Cramer  [1],  p.  123) 

11 1 
V     1/2 r   1/2 ^        1      1 41/2      1   Pu r   \  -1/2 A =   /x1/2 dx t i + i I1/2 - i [P^xjx"1' 

where P (x)  =   [x]  - x -t- r and  [x] Is the largest Integer not larger than x. 

Now P1(x) < p so 

i 
/ !    "I/2 A dx <:    / - x    '     dx [Vx,x-^ <   / 

and therefore 

1        1 
V 1/2 

v=l 

1 

r 1/2 .   11 .1/2  1/.1/2 n 

_ 2 ^/S .22 2/3 
~ 3     3    3 

Thus for Case I1 we have 

ECT1H) = I ^ *l 112/3 r1/^ = MtMi 
1=1      1=1 

2 
which Is to be compared with the result (H-l) /3 obtained from the 

continuous model.  For Case 11', 

E( V = T E(V "f li2/31'2/3 ■ I'"-1' 
1=1      1=1 
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which is exactly the result obtained from the continuous model. 

This approach could perhaps be used with a better estimate of 

P. (x) to give a more accurate expression for E(T-U)  than is obtained with 
i. In 

the continuous model. 

Continuous Approximations 

It is well known that the path of a classical random walk, 

itself a step function,  may often be usefully approximated by a continuous 

function.    Under many circumstances,   this results  in simplicity,  and such 

an approach hrs been used to discuss the present problem.    We shall 

explain the approximation method commonly used in terras of our Case  I 

above.    In terms of that example we can proceed heuristically in a natural 

way. 

Rather than pass immediately to the continuous function approxima- 

tion, let us suppose that our original process steps are of unit size 

(as they are),  and that we wish to pass to an equivalent process acting 

over energy states of step size    ^\ .    The idea of such equivalence is as 

follows:    suppose our original particle begins its raniom walk on the 

original energy states,   i.e.  on those differing by unity;  here we disregard 

the boundaries.    Then at time t after the walk begins its position will 

have a certain probability distribution:     the expected distance from the 

starting point and the variance of the resulting distribution will be 

E(D1)    =    (X - n)t 

and (16) 
Var(D1)    =    (X 4 u)t 
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and if Xt and [it are at all large then the distribution of D.   tends to 

the Gaussian described by the above parameters.    If,  on the A scale, we 

start a walk from the same place, utilizing rate parameters X and ^ 

respectively, we find for D. ,  the displacement on the A  scale 

E(D    )    =    (X - ^)At 

and _2 ^17) 

Var(D    )    =    (X + M)A  t • 
A 

Again D.    tends to the Gaussian form with the same parameters.    We say that 

the D.   -process is equivalent to the D.-process if the above two limiting 

(Russian distributions are the same,   or if 

£(0.)    =    E(D    ) 1 A (18) 

VarCD^    =    Var(D    ), 

which implies that 

X - n   =    (X - JDA 
(19) 

x + n   =   (x + II)A2 , 

so we can solve for X and \i to find 

X     =    h-**^] (20) 2   A     A^ 
lf  M-X ^  X+MT 

It Is Intuitively appealing that any probability question asked about 

equivalent processes should provide approximately equal answers -- 

particularly if both processes must operate "for a long time",   for this 

allows the tendency towards the Gaussian limiting form to occur.     Thus we 
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may expect that we can utilize processes on finer and finer step sizes  to 

calculate first-passage times to a "high state"  H, with better approximation 

as H increases.    We are  interested in this possibility because it is 

conventional, and often convenient,  to pass to infinitesimal 8t>p sizes 

(let A—^    0),     i.e.     to replace the random walk by "diffusion"  or 

Brownian motion.    We are Interested in the error in such an approximate 

procedure.    Refer to the following figure,   illustrating the original walk., 

and the new one: 

Fig. 2 

Let us examine our Special Case I, translating to the new scale 

with step size ^. Take ^  to be an integer, ao that we have an integral 

number of ^-stepa replacing one 1-step. Further let both walks start at 

the same place on the original scale:  thus the new walic will start at 

i = A / for i on the new scale, and will end at H A • Then from (Ö) 

and (20) we get, for i on the new scale, 
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1 X 
_      > + X 

ECAJ) =< 

and 

(21) 

i 

X u - X 

HA"1-! 

E(T1HIA)=^   )     (i.(B)l^(M.(i) 
x-^ 1=f^i I        x i   x-^ 1 A      x 

-A-V i   i 
- (H-i)A"1 

1 - (^ 
X }' 1 -  ü 
X 

X|M 

X = M           (22) .     (H-l)(HO.-A) 

2XA2 

Now  the appropriate scaling Is given by (19) and (20).    When we substitute 

for X and u in terms of the original X and n a complicated expression 

results for general  A«    However,  when A—^ 0 a relatively simple limit 

results: 

E(T1H|0) H-l      1 
X-^i +  2 

2X 

X^^ 
-2(^)H      -2{p*-) 

(X-u)4 

'Xfu -e X+n ^ 4 ^ 

X = M   . 

(23) 

One  can see that E(T1H| A)   increases for decreasing   A when X = n;  this 

shows that for this case the continuous approximation over-estimates 

time of first passage to H.     Although the comparison for different X and 

li can be made using (22),  we have not done so here. 
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